Dirichlet spectrum and heat content  by McDonald, Patrick & Meyers, Robert
Journal of Functional Analysis 200 (2003) 150–159
Dirichlet spectrum and heat content
Patrick McDonalda,* and Robert Meyersb
aDepartment of Mathematics, New College of Florida, Sarasota, FL 34243, USA
bThe Courant Institute of Mathematical Sciences, New York, NY 10276-0907, USA
Received 27 March 2002; revised 22 May 2002; accepted 9 August 2002
Abstract
Let M be a complete Riemannian manifold and DCM a smoothly bounded domain with
compact closure. We use Brownian motion to study the relationship between the Dirichlet
spectrum of D and the heat content asymptotics of D: Central to our investigation is a
sequence of invariants associated to D deﬁned using exit time moments. We prove that our
invariants determine that part of the spectrum corresponding to eigenspaces which are not
orthogonal to constant functions, that our invariants determine the heat content asymptotics
associated to the manifold, and that when the manifold is a generic domain in Euclidean
space, the invariants determine the Dirichlet spectrum.
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1. Introduction
Let ðM; gÞ be a complete Riemannian manifold and suppose that DCM is a
smoothly bounded domain with compact closure. Let specðDÞ be the spectrum of the
Laplace operator acting on functions with Dirichlet boundary conditions. We take
the Laplacian to be positive with elements of the spectrum listed in increasing order
with multiplicity. We study the relationship between the Dirichlet spectrum of D and
the heat content asymptotics of D: We recall the required facts:
*Corresponding author.
E-mail addresses: ptm@virtu.sar.usf.edu (P. McDonald), meyersr@cims.nyu.edu (R. Meyers).
0022-1236/03/$ - see front matter r 2002 Elsevier Science (USA). All rights reserved.
PII: S 0 0 2 2 - 1 2 3 6 ( 0 2 ) 0 0 0 7 6 - 9
Let pDðx; y; tÞ be the heat kernel associated to D; let dg be the volume form
associated to the metric, and let
uðx; tÞ ¼
Z
D
pDðx; y; tÞdgðyÞ ð1:1Þ
be the solution to the initial value problem
1
2
Du ¼ @u
@t
on D  ð0;NÞ
uðx; 0Þ ¼ 1 if xAD;
0 if xA@D;
(
uðx; tÞ ¼ 0 if xA@D: ð1:2Þ
Let qðtÞ be the heat content of D at time t:
qðtÞ ¼
Z
D
uðx; tÞdgðxÞ: ð1:3Þ
It is a theorem of van den Berg and Gilkey [BG] that qðtÞ admits a small time
asymptotic expansion:
qðtÞC
XN
n¼0
qnt
n=2; ð1:4Þ
where the coefﬁcients qn are locally computable geometric invariants of D (cf. [G] for
a recent survey of results concerning heat content). We will refer to the coefﬁcients
occurring on the right-hand side of (1.4) as the heat content asymptotics of D and we
write
hcaðDÞ ¼ fqngNn¼0: ð1:5Þ
We note that, in contrast to the heat trace asymptotics, the heat content asymptotics
are not spectral.
Our results involve relationships between the sets specðDÞ and hcaðDÞ for
arbitrary complete Riemannian manifolds ðM; gÞ and arbitrary smoothly bounded
domains with compact closure. While our interests center on spectral geometry in the
smooth category, our methods can be applied under more general assumptions on
the domains considered, and we state our main result in this generality. In addition
to more general domains, analogs of our theorems hold for operators other than the
Dirichlet Laplacian. While this is reﬂected implicitly in the statement of our
theorems, we have made no attempt to determine the most general operators for
which our results remain valid.
Probabilistic constructions play a central role in our work. We recall the material
necessary to concisely state our results.
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Let Xt be Brownian motion on M: Let P
x; xAM; be the family of prob-
ability measures charging Brownian paths beginning at x; and let Ex be the
corresponding collection of expectation operators. Let t be the ﬁrst exit time of Xt
from D:
t ¼ infftX0 : XteDg:
Then uðx; tÞ deﬁned in (1.2) can be written as
uðx; tÞ ¼ Pxðt > tÞ: ð1:6Þ
Given (1.6), it is natural to consider the Laplace transform of the random
variable t which is determined by the exit time moments of t: Thus, for n a
nonnegative integer, we are led to consider the following nonnegative sequence of
real numbers:
An ¼
Z
D
Ex½tndgðxÞ: ð1:7Þ
We write
mspecðDÞ ¼ fAngNn¼0 ð1:8Þ
and we note that mspecðDÞ is invariant under the action of the isometry group of M:
Thus, it is to be expected that mspecðDÞ encodes geometric data associated to D (for
previous work concerning the relationship of mspecðDÞ to the geometry of D see
[KMM] for Euclidean domains, [M] for Riemannian manifolds and [MM] for graphs
with geometric structure). Our ﬁrst result is the following.
Theorem 1.1. Let ðM; gÞ be a complete Riemannian manifold, DCM a domain of
finite volume with discrete Dirichlet spectrum. For lAspecðDÞ; let Elð1Þ be orthogonal
projection of the constant function 1 onto the eigenspace corresponding to l: Define
constants a2lAR by
a2l ¼
Z
D
jElð1Þj2dg: ð1:9Þ
Let specnðMÞ be the set whose elements are defined by
specnðMÞ ¼ flAspecðMÞ : a2la0g: ð1:10Þ
Then
mspecðDÞ ¼ mspecðD0Þ implies specnðDÞ ¼ specnðD0Þ
and we say that mspecðDÞ determines specnðDÞ:
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We remark that specnðDÞ is a set; in particular, it contains no information
concerning multiplicities.
To prove Theorem 1.1 we give a recursion for the elements of specnðDÞ and the
corresponding constants a2l in terms of the tails of mspecðDÞ (in particular, we give
an expression for the principal Dirichlet eigenvalue in terms of the tail behavior of
the invariants deﬁned by (1.7)—cf. (3.1)). The result of Theorem 1.1, coupled to the
method of proof allows us to establish that mspecðDÞ determines the heat content
asymptotics:
Theorem 1.2. Let ðM; gÞ be a complete Riemannian manifold, DCM a domain of
finite volume with discrete Dirichlet spectrum. Suppose that associated to D there is an
asymptotic expansion of the heat content as in (1.4). Then mspecðDÞ determines
hcaðDÞ:
From the proof of Theorems 1.1 and 1.2, we obtain as a corollary the fact that the
information contained in specnðDÞ and the partition of volume fa2lglAspecnðDÞ
determines hcaðDÞ (cf. Corollary 3.2).
We remark that results analogous to Theorems 1.1 and 1.2 hold in the category of
graphs and graph Laplacians (cf. [MM]). In this context, there arises a natural
Dirichlet series whose values at positive integers gives the analog of invariants
deﬁned in (1.7) and whose values at negative integers gives the analog of the heat
content asymptotics of the associated graph domain (cf. [MM]). In the context of
domains in complete manifolds the same is true; the relevant series arises as the
Mellin transform of the heat content which admits a meromorphic extension to the
plane. We investigate properties of the meromorphic extension of this Dirichlet
series, characterizing the connection between special values, residues, and the
invariants of interest (cf. Proposition 2.2).
From the proof of Theorem 1.1 and Proposition 2.2 it is clear that mspecðDÞ
contains no information concerning multiplicity, nor does it contain information
concerning modes orthogonal to constants. Thus, in the presence of symmetry, we
expect that mspecðDÞ will not provide full information concerning the Dirichlet
spectrum of the underlying domain. Our ﬁnal result indicates that this occurrence is
‘‘unusual’’ when the manifold is a smoothly bounded domain in Euclidean space
with compact closure.
Recall, the collection of smoothly bounded domains in Euclidean space with
compact closure is naturally a Banach manifold. We recall that a property
is generic for a Banach manifold if it holds for a set of second category (i.e.,
it holds for the complement of a countable union of nowhere dense sets). We
prove:
Theorem 1.3. For generic domains D in Rn; nX2; mspecðDÞ determines specðDÞ:
Theorem 1.3 generalizes to domains in Riemannian manifolds of dimension at
least two.
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2. Mellin transforms and Dirichlet series
Let ðM; gÞ be a complete Riemannian manifold and suppose that DCM is a
domain of ﬁnite volume. Let D be the Laplace operator and suppose that specðDÞ;
the Dirichlet spectrum associated to D; is discrete. Given L2-functions, f ; h; on D;
denote the natural pairing by
/ f ; hS ¼
Z
D
f hdg:
Deﬁnition 2.1. Given lAspecðDÞ; let Elð1Þ be orthogonal projection of the constant
function 1 onto the eigenspace associated to l: Let a2l be the nonnegative real number
deﬁned by
a2l ¼ /Elð1Þ;Elð1ÞS: ð2:1Þ
We call the set whose elements are given by a2l as l runs through specðDÞ a spectral
partition of volume and we write
vpðDÞ ¼ fa2lglAspecðDÞ: ð2:2Þ
As suggested by Deﬁnition 2.1, the set vpðDÞ partitions the volume amongst
eigenspaces. In particular X
lAspecnðDÞ
a2l ¼ VolðDÞ; ð2:3Þ
where specnðDÞ is as in (1.10). For s complex, ReðsÞX0; we deﬁne
zDðsÞ ¼
X
lAspecnðDÞ
a2l
2
l
 s
: ð2:4Þ
We show that zDðsÞ is closely related to the heat content qðtÞ deﬁned in (1.3).
Starting with the heat kernel written in terms of the spectral data, we have
qðtÞ ¼
X
lAspecnðDÞ
a2le
lt
2 : ð2:5Þ
We note that qðtÞ is continuous and bounded on ½0;NÞ: As mentioned in the
Introduction, when D is smoothly bounded with compact closure, qðtÞ admits a
small time asymptotic expansion given in (1.4). For complex s; ReðsÞ > 0; the Mellin
transform of qðtÞ is deﬁned by
MQðsÞ ¼
Z N
0
qðtÞts dt
t
: ð2:6Þ
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Using (2.6) we see that for ReðsÞ > 0;
MQðsÞ ¼ GðsÞzDðsÞ; ð2:7Þ
where zDðsÞ is given by (2.4) and GðsÞ is the gamma function. By the standard theory
of regularized series (cf. [JL]),MQðsÞ admits a meromorphic extension to the plane
with poles restricted to lie at the negative half-integers. In addition, the poles are
simple with residues given by
Residuej
s¼N
2
MQðsÞ ¼ qN ; ð2:8Þ
where qN is as in (1.4) (i.e. the residues are given by the heat content asymptotics).
This proves the ﬁrst part of the following proposition.
Proposition 2.2. For ReðsÞ > 0; let zDðsÞ be defined as in (2.4). Then GðsÞzDðsÞ extends
meromorphically to the complex plane with poles restricted to lie at the negative half-
integers. In addition, the poles are simple and for N a natural number,
GðNÞzDðNÞ ¼
1
N
AN ; ð2:9Þ
Residuej
s¼N
2
GðsÞzDðsÞ ¼ qN ; ð2:10Þ
where AN is given by (1.7) and qN is given by (1.4).
Proof. Claim (2.10) follows immediately from (2.7) and (2.8). To see that (2.9) holds,
let Xt be Brownian motion on M; and let t be the ﬁrst exit time from D: Given
NAR;N > 0; note that
Ex½1tN>tN  ¼ uðx; tÞ: ð2:11Þ
Multiplying (2.11) by NtN1 and integrating with respect to t gives
Ex½tN  ¼ N
Z N
0
tN1uðx; tÞ dt: ð2:12Þ
If the spectrum of the Dirichlet Laplacian is discrete then u decays exponentially in t
and the right-hand side of (2.12) is ﬁnite. Integration over x and Fubini then give
AN ¼ N
Z N
0
tN1qðtÞ dt ð2:13Þ
where the right-hand side of (2.13) is ﬁnite if VolðDÞ is ﬁnite. Using (2.13) and the
spectral representation of the heat content (2.5), we obtain (2.9) for all real values
of N > 0: &
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3. Proof of Theorems 1.1 and 1.2
Proof of Theorem 1.1. We prove Theorem 1.1 using (2.9) to show that both specðDÞ
and vpðDÞ are recursively determined by the tail of mspecðDÞ: More precisely, let
specnðDÞ ¼ fnngNn¼1 with the nn strictly increasing. Then
n1 ¼ sup nX0; lim sup
n-N
ðn=2Þn An
Gðn þ 1ÞoN
 
ð3:1Þ
and
a2n1 ¼ lim sup
n-N
ðn1=2Þn AnGðn þ 1Þ: ð3:2Þ
Having determined nj and a2nj for jok; we have
nk ¼ sup nX0; lim sup
n-N
ðn=2Þn An
Gðn þ 1Þ 
Xk1
j¼1
a2nj
2
nj
 n !
oN
( )
ð3:3Þ
and
a2nk ¼ lim sup
n-N
ðnk=2Þn AnGðn þ 1Þ 
Xk1
j¼1
a2nj
2
nj
 n !
: & ð3:4Þ
From the proof of Theorem 1.1 we immediately conclude:
Corollary 3.1. Let DCM be a smoothly bounded domain with compact closure. Then
mspecðDÞ determines vpðDÞ:
Proof of Theorem 1.2. Theorem 1.2 follows immediately from Theorem 1.1,
Corollary 3.1, and (2.5). &
Finally, we give a relationship between Dirichlet spectrum and heat content
asymptotics.
Corollary 3.2. Let DCM be a smoothly bounded domain with compact closure. Then
specnðDÞ,vpðDÞ determines hcaðDÞ:
Proof. This is immediate from the deﬁnition of zDðsÞ and Proposition 2.2. In fact,
from Corollary 3.1 and (2.5) it is clear that the heat content (not just the asymptotics)
is determined. &
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Remark. From (2.13) we see that the elements of mspecðDÞ give the moments of the
heat content of D: This suggests that methods associated to the solution of the
Stieltjes moment problem can be used to establish both Theorems 1.1 and 1.2. This is
indeed the case.
4. Proof of Theorem 1.3
In this section we consider Ck-domains with compact closure in Rn; nX2:
Let k > n þ 2 and let B be the collection of Ck-domains in Rn with compact
closure. Recall, B is a Banach manifold: Given bAB; we identify b with its
boundary, @b: The tubular neighborhood theorem identiﬁes a neighborhood of
@b in Rn with sections of the normal bundle to the boundary of b; denoted
Ckð@b;N@bÞ: Pairing with the outward pointing unit normal vector gives an
isomorphism between Ckð@b;N@bÞ and Ckð@bÞ: We identify domains near b
by identifying their boundaries as those obtained by ﬂow in the normal direction
prescribed by elements of Ckð@bÞ: More precisely, if n is the outward pointing
unit normal vector along the boundary of b and fACkð@bÞ; then for e small enough,
the set
@be ¼ fyARn : y ¼ sþ ef ðsÞnðsÞ; sA@bg ð4:1Þ
bounds a Ck-domain in Rn and e-be where be is the domain bounded by @be is a
smooth curve in B passing through b at e ¼ 0: This provides an identiﬁcation of a
neighborhood of bAB with a neighborhood of 0 in Ckð@bÞ; which shows that B is a
Banach manifold. In addition, the construction indicates that there is a natural
choice for the tangent space of bAB:
TbBCCkð@bÞ: ð4:2Þ
It is a theorem of Uhlenbeck ([U] also [CV]) that the collection of Ck-domains
bAB for which all Dirichlet eigenvalues have multiplicity one is open and dense inB:
In the sequel, we adopt Uhlenbeck’s approach to establish a generic property useful
for our purposes. We begin by recalling the necessary notation.
Let HkðRnÞ be the Sobolev space of functions on Rn with distributional derivatives
up through order k which are L2: Let Hk;0ðRnÞCHkðRnÞ be the closure of the space
of smooth functions on Rn; and let SkðRn) be the unit ball in HkðRnÞ: Let f :
SkðRnÞ  RB-Hk2ðRnÞ be deﬁned by fðu; l; bÞ ¼ Dbu  lu where Db is the
Dirichlet Laplacian on b: Let QCSkðRnÞ  RB be deﬁned by Q ¼ f1ð0Þ: Then Q
is the collection of domains, their Dirichlet spectrum, and their corresponding
normalized Dirichlet eigenfunctions. It is a corollary of the Sard–Smale theorem that
Q is a Banach submanifold of HkðRnÞ  RB: The tangent space at a point
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ðu; l; bÞAQ is given by
Tðu;l;bÞC
(
ðv; Z; f ÞAHk;0ðbÞ  R TbB :
Z
b
uv ¼ 0;
ðDb þ lÞuþ Zu þ Dbfðf Þ ¼ 0
)
; ð4:3Þ
where Dbf is the derivative of the function f with respect to B:
Deﬁnition 4.1. Let bAB: We say that b has Property M if for all lAspecðbÞ;
/Elð1Þ;Elð1ÞSa0; ð4:4Þ
where El is projection on the eigenspace corresponding to l:
To see that Property M is generic, we deﬁne a function I : Q-R by
Iðu; l; bÞ ¼
Z
b
uðxÞ dx; ð4:5Þ
where dx denotes Lebesgue measure. We note that I is clearly Ck; and thus
I1ðRn\f0gÞ is open. We will show that DbI ; the derivative of I with respect to
domain variations, is always surjective.
To see that this is the case ﬁx ðu; l; bÞAQ: An inﬁnitesimal variation of the domain
b is given by ﬁxing an element fACkð@bÞ: We denote by du the corresponding
inﬁnitesimal change in u and by dl the corresponding inﬁnitesimal change in l:
A straightforward computation then gives
DbIðdu; dl; f Þ ¼
Z
b
duðxÞ dx: ð4:6Þ
Using Hadamard’s classic results on the variation of Green’s functions for perturbed
domains (cf. [GS,H]), we have an expression for duðxÞ:
duðxÞ ¼ 
Z
@b
f ðsÞ @u
@n
ðsÞ @G
@n
ðx; sÞ ds; ð4:7Þ
where ds is the induced surface measure on the boundary and G is the Green’s
function for D: As pointed out by Uhlenbeck for a similar computation, it is a
corollary of unique continuation that @u@n ðsÞ @G@n ðx; sÞ is not identically zero. We
conclude that we can ﬁnd f such that DbIðdu; dl; f Þa0: As a corollary, we obtain
Theorem 4.2. Let B be the Banach manifold of Ck-domains with compact closure.
Then Property M is generic for B:
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Proof of Theorem 1.3. From Theorem 1.1, we know that specnðDÞ is determined by
mspecðDÞ: By Uhlenbeck’s theorem, for a dense open set of domains, all eigenvalues
have multiplicity one. By Theorem 4.2, for domains with all eigenvalues of
multiplicity one, it is generically the case that specnðDÞ ¼ specðDÞ: This concludes
the proof of Theorem 1.3. &
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